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Motivation
• Epidemics spread over a network of social contacts
• The properties of the network are clearly important:
• If the network consists of isolated cliques of small families, we
never get an outbreak
• In connected networks with some people with many contacts,
superspreading events involving the highly connected people lead
to much worse outcomes
Question: How much information about the network do you need to
determine the probability and size of an outbreak?
Is it enough to sample random nodes and their neighborhoods?

Epidemic model (SIR):
The infection spreads over some network 𝐺
• Nodes start out in a susceptible state S
• If node 𝑖 is infected at time 𝑡! , it stays infected for a random time 𝑇!
• While infected, it independently infects susceptible neighbors at some rate
𝛽 = 𝛽(𝑡 − 𝑡! ), moving them from state S to the infected state I
• At time 𝑡! + 𝑇! , node 𝑖 moves from state I to the recovered state R
Rem1: Conditioned on 𝑇! = 𝑇, each neighbor gets independently infected with
probability
𝑝" = 1 − 𝑒
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Rem2: The rate 𝛽 could depend on some latent variable (infectiousness) of the
infected node 𝑖, and it could be scaled by the strengths of connections (modeled
by a weighted graph).

Epidemic model (SIR):
The infection spreads over some network 𝐺
• Nodes start out in a susceptible state S
• If node 𝑖 is infected at time 𝑡! , it stays infected for a random time 𝑇!
• While infected, it independently infects susceptible neighbors at some rate
𝛽 = 𝛽(𝑡 − 𝑡! ), moving them from state S to the infected state I
• At time 𝑡! + 𝑇! , node 𝑖 moves from state I to the recovered state R
Rem1: Conditioned on 𝑇! = 𝑇, each neighbor gets independently infected with
probability
𝑝" = 1 − 𝑒

"

# ∫! % & '&

𝑝" = 1 − e#%"

Typical choices:

𝛽=const

and

𝑇! =const or 𝑇! ∼ exp(𝛾)

⟹

Network Effects
Naïve Approach (1-neighborhood):
• An infected node infects each of its neighbors with probability

𝑝 = 𝔼 "# 1 − 𝑒 #%"#

𝛽
if 𝑇! ∼ exp 𝛾
=5 𝛾+𝛽
1 − e#%" if 𝑇! = 𝑇 is determinisLc

• By linearity of expectations, the average number of infected neighbors is
̅
𝑅( = 𝑑𝑝
Here 𝑑̅ is the average degree, i.e., average number of neighbors

Network Effects
Less Naïve (2-neighborhood):
• If my friend infected me, she can’t infect me anymore, so we should count forward
degrees.
Example: for d-regular graphs, 𝑅( = 𝑑 − 1 𝑝
• Higher degree nodes are more likely to be infected, so the average degree of an
infected node should be larger than 𝑑̅
Example: For random graphs with given degree sequence (𝑑! ),
𝑅( = 𝑝 ∑) 𝑘 − 1 𝑝)∗
where 𝑝)∗ is the degree biased empirical degree distribution. This gives
𝑑+ − 𝑑
𝑅( = 𝑝
𝑑̅

Global Information: Infection Digraph
Problem: Assume that we knew the whole graph, and want to determine the
probability that a random, infected node leads to an epidemic
Solution: For each node 𝑖, draw 𝑇! , then randomly add oriented edges to its
neighbors iid with probability 𝑝"# = 1 − 𝑒 #%"#
• This leads to a random digraph, the infection digraph 𝐷,-.
• Let 𝑂𝑢𝑡(𝑖) be the set of nodes 𝑗 which can be reached from 𝑖. This is the set of
nodes which would get infected, if the infection started at 𝑖
• The probability that a random, infected node leads to an epidemic is then equal
to the probability that |𝑂𝑢𝑡(𝑖)| is 𝜃(𝑛) for a random 𝑖.
This construction works for very general models (weighted edges, latent
infectiousness, non-constant rates, …)
…. but from now on let us consider constant 𝛽 and deterministic 𝑇

Infection Digraph for
Deterministic Infection Times
For each node 𝑖, randomly add oriented edges to its neighbors iid with
probability 𝑝 = 1 − 𝑒 #%"
Now 𝐷,-. is just a random digraph 𝐷/ (𝑝) obtained from 𝐺 as follows:
For each undirected edge 𝑖, 𝑗 in 𝐺 randomly put
• a directed edge from 𝑖 to 𝑗 with probability 𝑝
• a directed edge from 𝑗 to 𝑖 with probability 𝑝
Do this independently for both directions, and for all edges 𝑖, 𝑗 in 𝐺
This is an oriented percolation problem

Mathematical Problem:
Problem: Given a large graph 𝐺, predict the probability, and size of an epidemic in
the model with constant infections times, i.e., when 𝐷,-. = 𝐷/ 𝑝
Question: Can we do this with local information only?
Answer: No
Counterexample: one random 𝑑-regular graph on 𝑛 vertices, vs disjoint union of
𝑛 copies of random 𝑑-regular graphs of size 𝑛
Answer: Yes, if the graph is connected enough, more precisely, if it is a large-set
expander
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2a) Local Weak Limit
Def: Consider a sequence of graphs 𝐺0 .
• Choose 𝑥0 uniformly at random among the vertices of 𝐺0 .
• Look at neighborhoods 𝑁. (𝑥0 ) of radius 𝑅 around 𝑥0
• This gives a random, rooted graph of radius 𝑅
We say 𝐺0 has a weak local limit if for all 𝑅, the probability distributions of these
random, rooted graphs converges an 𝑛 → ∞
Rem: After taking the limit 𝑛 → ∞ we can take the limit 𝑅 → ∞ to obtain a
probability distribution 𝜇 on rooted, random graphs (𝑜, 𝐺); we say 𝜇 is the weak
local limit of 𝐺0

2a) Local Weak Limit
Example:
The limit is an infinite cubic centered
lattice, where with probability ½,
an orange node is the root, and with
probability ½ , a blue node is the root.

Examples of random graphs:
• d-regular graphs converge to d-ary tree
• Power-law graphs converge to branching processes with power-law off-spring
distribution
• Preferential attachment graphs converge to a branching process with latent types
representing the age of a node.

2b) Large Set Expansion
Def: Given a graph 𝐺! we say that a set 𝑆 ⊂ 𝑉(𝐺! ) has expansion 𝛼 if
𝑒(𝑆, 𝑆 " )
≥𝛼
"
min{ 𝑆 , 𝑆 }
where 𝑒(𝑆, 𝑆 " ) is the number of edges between 𝑆 and S # = 𝑉 𝐺! − 𝑆.
We call 𝐺! a sequence a large-set expander if there exists some 𝛼 > 0 such
that for all 𝜖 > 0 and all large enough 𝑛 all sets of size at least 𝜖𝑛 have
expansion 𝛼

3) Previous Work & Desired Extensions
Previous work:
• Percolation on d-regular expander converging to a d-regular tree
• 𝑝! =

"
#$"

[Alon+Benjamini+Stacey ’04]

• Size of the largest cluster [Krivelevich, Lubetzky, Sudakov ’20]
• Percolation on bounded degree expanders with weak local limit
• 𝑝! is local [Benjamini, Nachmias, Peres ’09, Sarkar ‘18]
Desired extensions:
• Size of the largest cluster for more general graphs
• Bounded average degrees to allow for power laws
• Generalization to directed percolation, so we can discuss epidemics

4) Main Results
Throughout, we consider sequences 𝐺0 of
• bounded average-degree large-set expanders with local weak limit 𝐺, 𝑜 ∼ 𝜇, and
• an infection digraph by 𝐷,-. = 𝐷0 (𝑝), obtained from 𝐺0 by keeping each oriented
edge i.i.d. with probability 𝑝
Main results:
The local structure of 𝐺0 determines
• the infection threshold,
• the probability of an outbreak,
• the size of an outbreak
Furthermore, the infection digraph
𝐷,-. has a bow-tie structure
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4a) Outbreak Probability and Threshold
Def: Assume 𝐺0 has a weak local limit 𝐺, 𝑜 with distribution 𝜇, and consider the
``percolated limit’’ 𝐺(𝑝), 𝑜 where each edge is kept with probability 𝑝. We then
define
• 𝜃 𝑝 = probability that the root in 𝐺(𝑝), 𝑜 lies in an infinite component.
• 𝑝4 = threshold for existence of an infinite component, 𝑝4 = inf { 𝑝: 𝜃 𝑝 > 0 }
Thm 1: The probability that in 𝐷0 (𝑝), a random vertex 𝑖 has an out-component 𝑂𝑢t(i)
of size linear in 𝑛 is asymptotically equal to 𝜃 𝑝
Thus, for 𝑝 < 𝑝4 , an infection started at a random vertex dies out with high probability,
while for 𝑝 > 𝑝4 , it leads to an epidemic with probability 𝜃 𝑝
Morally: To determine the probability of an outbreak, collect neighborhoods of random
vertices, and simulate the infection starting from the centers of these neighborhoods. If
the networks is an expander, this should give you good estimates of infection
probabilities.

4a) Strongly Connected Components
Given 𝐺0 , let 𝐷0 (𝑝) be the random digraph obtained by first replacing each edge by two
oriented edges, and then keep edges i.i.d. with probability 𝑝. As before, let let 𝑂𝑢t(i)
and 𝐼𝑛𝑡(𝑖) be the in- and out-component of 𝑖 in 𝐷0 (𝑝)
Notation:
• 𝑆𝐶𝐶(i) = 𝑂𝑢(𝑖) ∩ 𝐼𝑛𝑡(𝑖) be the strongly connected component (SCC) of 𝑖 in 𝐷0 𝑝
• 𝑆𝐶𝐶5, 𝑆𝐶𝐶+, … strongly connected components of 𝐷0 𝑝 ordered by size
• 𝑆𝐶𝐶5# and 𝑆𝐶𝐶56 be the set of nodes which reach into / can be reached from 𝑆𝐶𝐶5
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5b) Probability and Size of an Outbreak
Thm2: Let 𝜃 𝑝 and 𝑝4 be as before
1) If p > 𝑝4 , then 𝑆𝐶𝐶5 ≥ 𝛼𝑛 for some 𝛼 > 0, 𝑆𝐶𝐶+ = 𝑜(𝑛),
5
0

𝑆𝐶𝐶!
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𝑆𝐶𝐶56 →ℙ 𝜃 𝑝 and 0 𝑆𝐶𝐶5# →ℙ 𝜃 𝑝

2) Let 𝑝 > 𝑝4 , and choose 𝑥0 ∈ 𝑉(𝐺0 ) uniformly at random

𝑆𝐶𝐶!" ∖ 𝑆𝐶𝐶!

𝑆𝐶𝐶!# ∖ 𝑆𝐶𝐶!

• If 𝑥0 ∈ 𝑆𝐶𝐶5#, then the set of infected vertices is 𝑆𝐶𝐶56 plus up to 𝑜 𝑛 extra vertices
• If 𝑥0 ∉ 𝑆𝐶𝐶5#, then at most 𝑜 𝑛 vertices are infected.
Thus
• the probability of an outbreak is 𝜃 𝑝 (1 + 𝑜 1 ), and
• the size of an outbreak is 𝑛𝜃 𝑝 (1 + 𝑜 1 )

5c) Bowtie structure
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Summary
We consider sequences 𝐺0 of bounded average-degree large-set expanders with
local weak limit 𝐺, 𝑜 ∼ 𝜇
Main results:
• For an SIR-model with 𝐷,-. = 𝐷/ (𝑝), we can determine the infection threshold,
the probability of an outbreak, and the size of an outbreak from the local limit
• The digraph for the SIR-model
has a bow-tie structure
• 𝑆𝐶𝐶5# is the set of vertices
leading to an infection
• 𝑆𝐶𝐶56 is the set of vertices
infected.

Small
Components

𝑆𝐶𝐶!

𝑆𝐶𝐶!" ∖ 𝑆𝐶𝐶!

𝑆𝐶𝐶!# ∖ 𝑆𝐶𝐶!

Open Problems
• Generalization to weighted graphs, e.g., 𝑝!8 𝑇 = 1 − 𝑒 #%#' "
• More realistic spread, i.e., non-constant 𝑇, or hidden features leading to correlations
between the edges out of a given vertex
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• Statistical / ML estimation question
• Applications to real world data
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